Superfluid transitions in bosonic atom-molecule mixtures near Feshbach
  resonance by Radzihovsky, Leo et al.
ar
X
iv
:c
on
d-
m
at
/0
31
22
37
v1
  [
co
nd
-m
at.
su
pr
-co
n]
  9
 D
ec
 20
03
Superfluid transitions in bosonic atom-molecule mixtures near Feshbach resonance
Leo Radzihovsky and Jae Park
Department of Physics, University of Colorado, Boulder, CO 80309
Peter B. Weichman
ALPHATECH, Inc., 6 New England Executive Place, Burlington, MA 01803
(Dated: June 10, 2018)
We study bosonic atoms near a Feshbach resonance, and predict that in addition to a standard
normal and atomic superfluid phases, this system generically exhibits a distinct phase of matter:
a molecular superfluid, where molecules are superfluid while atoms are not. We explore zero- and
finite-temperature properties of the molecular superfluid (a bosonic, strong-coupling analog of a BCS
superconductor), and study quantum and classical phase transitions between the normal, molecular
superfluid and atomic superfluid states.
Experimental realizations and coherent manipulation
of trapped degenerate gases [1, 2] is leading to excit-
ing possibilities for studies of quantum liquids in previ-
ously unexplored (e.g., extremely coherent and nonequi-
librium) regimes. Magnetic field-induced Feshbach reso-
nance (FBR) in ultracold atom collisions allows fine tun-
ing of interactions in these quantum fluids, and was re-
cently used to create a degenerate mixture of coherently-
coupled alkali atoms and their diatomic molecules [3].
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FIG. 1: Mean-field phase diagram for a bosonic atom-
molecule mixture, showing molecular (MSF) and atomic
(ASF) superfluid phases.
In this Letter we study phases and phase transitions
that take place in bosonic atom-molecule mixtures. Our
main contribution is the prediction of a thermodynami-
cally distinct “molecular superfluid” (MSF) phase, that,
as illustrated in Figs. 1, 2 ubiquitously intervenes be-
tween the “normal” (N) and “atomic superfluid” (ASF)
phases. Molecular superfluidity [and accompanying off-
diagonal long-range molecular order (ODLRO)] distin-
guishes MSF from the normal state, and the absence
of atomic superfluidity from the ASF, in which both
bosonic atoms and molecules display ODLRO. If atomic
and molecular components can be imaged independently
[4], in a harmonic trap MSF should be easily identifi-
able by a sharp Bose-Einstein condensation (BEC) peak
in the molecular density profile and a broad, seemingly
normal, thermal atomic cloud.
As a conventional superfluid, MSF is characterized by
a (molecular) acoustic second-sound mode. However,
MSF also exhibits a gapped, Bogoliubov-like mode, de-
rived from unpaired atom excitations. MSF ground state
(bosonic analog of the BCS state) exhibits strong (atom
and molecule) pairing correlations that in a trap should
be observable in the atomic density-density correlation
function. Experimentally, MSF should be accessible by
tuning temperature, atomic density (or number), and de-
tuning ν. The MSF-ASF transition is in the (d + 1)-
and d-dimensional Ising universality classes for T = 0
and finite T , respectively, and is reentrant as a func-
tion of detuning ν and density n. The tricritical point,
where N, MSF and ASF meet, exhibits nontrivial and,
to our knowledge, unexplored quantum critical behavior
for d < 4. We now sketch derivation of these results.
Near a FBR a bosonic atom-molecule system is char-
acterized by the grand-canonical Hamiltonian Hˆµ = Hˆ−
µNˆ [5]
Hˆµ =
∫
ddx
[
2∑
σ=1
(
ψˆ†σhˆσψˆσ +
gσ
2
ψˆ†σψˆ
†
σψˆσψˆσ
)
+ g12ψˆ
†
1ψˆ
†
2ψˆ2ψˆ1 − α
(
ψˆ†1ψˆ
†
1ψˆ2 + h.c.
)]
(1)
where ψˆ†σ(x), ψˆσ(x) are bosonic field operators for atoms
(σ = 1) and molecules (σ = 2), hˆσ = −(~2/2mσ)∇2−µσ
are the corresponding single particle Hamiltonians (fo-
cusing for concreteness on the case of a homogeneous
trap) with effective chemical potentials µ1 = µ and
µ2 = 2µ − ν. Chemical potential µ tunes the aver-
age total number of atoms (whether free or bound into
molecules) to N , and detuning ν is related to the en-
ergy of a molecule at rest, that can be experimentally
controlled with a magnetic field. In the dilute gas limit
2g1, g2, g12 are proportional to the 2-body s-wave atom-
atom, atom-molecule and molecule-molecule scattering
lengths, respectively, and α characterizes coherent atom-
molecule interconversion rate, encoding that molecules
are composed of two atoms[5].
The mean-field phase diagram as a function of
µ1,2 and β = 1/kBT can be worked out by min-
imizing the imaginary-time (τ) coherent-state action
S =
∫ β~
0
dτ
∫
ddx
∑2
σ=1 [ψ
∗
σ~∂τψσ +Hµ(ψ
∗
σ, ψσ)]. Sim-
ple analysis leads to three thermodynamically distinct
phases (Fig. 1): (i) “normal” (N): Ψ10 ≡ 〈ψˆ1〉 = 0,
Ψ20 ≡ 〈ψˆ2〉 = 0, (ii) “molecular superfluid” (MSF):
Ψ10 = 0,Ψ20 6= 0, (iii) “atomic superfluid” (ASF):
Ψ10 6= 0,Ψ20 6= 0. Condensed atoms cause α to act as an
effective field on the molecular order parameter Ψ20, so
an equilibrium phase in which atoms are condensed, but
molecules are not, is forbidden [6].
We now examine in more detail these phases and cor-
responding phase transitions. Phase N is stable for
µ1,2 < 0, with µ determined by the total atom constraint
n = n1 + 2n2, which in the non-interacting limit, ap-
propriate to a dilute weakly interacting gas, is given by:
n =
1
ΛdT
[
fd/2
(
eβµ
)
+ 2(d+2)/2fd/2
(
eβ(2µ−ν)
)]
, (2)
where ΛT = h/
√
2pim1kBT is the thermal de Broglie
wavelength and fα(z) =
∑∞
n=1 z
n/nα (|z| < 1) is the
extended zeta-function.
The N-ASF transition line Tc1(n, ν) occurs at µ = 0 for
ν > 0, while the N-MSF line Tc2(n, ν) occurs at µ−2ν = 0
for ν < 0 (see Fig. 2). Using the appropriate asymptotics
of fα(z), one obtains from (2):
Tcσ(n, ν) =

Tc0
[
1 + aσ
(
|ν|
kBTc0
) d−2
2
]
, |ν| ≪ kBTc0
T∞cσ = bσc
2/dTc0, |ν| ≫ kBTc0,
(3)
with c = 1 + 2(d+2)/2, a1 = 2
(d+4)/2|Γ ( 2−d2 ) |/dcζ(d/2),
a2 = 2
−da1, b1 = 1, b2 = 2
−(d+2)/d and Tc0 =
(h2/2pim1kB)[n/cζ(d/2)]
2/d the transition temperature
at the tricritical point ν = 0.
In the neighborhood of Tc1 the “massive” molecular
field ψˆ2 decouples at low energies (can be safely inte-
grated out of the partition function, leading to an effec-
tive quartic coupling g1 → g¯1 ≡ g1 − 2α2/|µ2|), and
the N-ASF transition is identical to that of a single-
component system, continuous so long as g¯1 > 0. At
T = 0, the N-ASF transition takes place at vanish-
ing atom density (the N phase is simply a vacuum of
atoms), and although nontrivial, is exactly soluble [9],
corresponding to a build-up of atomic superfluid (with
condensate density n10 = |Ψ10|2 ∼ |µ|2β , with mean-field
result β = 1/2 for d > 2, and β = d/4 for d < 2) as the
trap is loaded. At T 6= 0 the N-ASF transition lies in the
usual d-dimensional XY-universality class [7].
Similarly, in the neighborhood of Tc2, ψˆ1 decouples and
the resulting N-MSF transitions are in the same univer-
sality classes discussed above. The full phase boundary is
illustrated in Fig.2. In 3d it exhibits a square-root singu-
larity at the tricritical point and for |ν| → ∞ asymptotes
to the single-component BEC temperatures T∞cσ .
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FIG. 2: Phase diagram for a bosonic atom-molecule mixture
in d = 3, expressed in terms of detuning ν and temperature
T . It illustrates a finite-T tricritical point at Tc0 and a quan-
tum critical point at νc(n, 0). In the weakly-interacting limit
appropriate to experiments the ratio T∞c1 /T
∞
c2 = 2
5/3.
To study the MSF phase, we separate ψˆσ = Ψσ0 +
φˆσ into classical condensate fields Ψσ0 (with Ψ10 = 0
inside MSF) and fluctuations about it. Within MSF it
is sufficient to expand Hˆµ to second order in fluctuations
φˆσ, which leads to Hˆµ = E
(0)(Ψ20) + Hˆ
(2) with:
E(0) =
∫
ddx
(
Ψ∗20hˆ2Ψ20 +
g2
2
|Ψ20|4
)
(4)
Hˆ(2) =
∫
ddx
[
2∑
σ=1
φˆ†σh˜σφˆσ +
1
2
(
λσφˆ
†
σφˆ
†
σ + h.c
)]
,
in which h˜σ = hˆσ + rσ, r1 = g12|Ψ20|2, r2 = 2g2|Ψ20|2,
λ1 = −2αΨ20, and λ2 = g2Ψ220. The linear term in
φˆ2, φˆ
†
2 vanishes automatically by the self-consistent choice
of Ψ20 as the true minimum of the free energy. To lowest
order this gives
n20 ≡ |Ψ20|2 = (2µ− ν)/g2, (5)
which coincides with the minimum of E(0) and allows us
to eliminate µ in favor of ν and n20.
For a homogeneous system, Hˆ(2) may be diagonal-
ized by Fourier transformation φˆσ = V
−1/2
∑
k
eik·xaˆσk,
followed by independent Bogoliubov transformations on
atoms and molecules to new boson operators γσ,k, γ
†
σ,k:
γˆσ,k = uσ,kaˆσ,k + vσ,kaˆ
†
σ,−k
|uσ,k|2 = 1 + |vσ,k|2 = 1
2
(
ε˜σ,k
Eσ,k
+ 1
)
Hˆ(2) =
∑
σ,k
Eσ,k
(
γˆ†σ,kγˆσ,k − |vσ,k|2
)
, (6)
3in which ε˜σ,k = εσ,k − µσ + rσ, εσ,k = ~2k2/2mσ and
Eσ,k =
√
ε˜2σ,k − |λσ|2, and vσ,k, u∗σ,k have the same phase
as λσ. Using (5) one obtains
E1,k =
√
[ε1,k − ν/2− (g2/2− g12)n20]2 − 4α2n20 ,
E2,k =
√
ε22,k + 2g2n20 ε2,k . (7)
The MSF ground state is defined as vacuum of atomic
and molecular Bogoliubov quasi-particles γσ,k|MSF〉 = 0.
It is easy to show that it is given by:
|MSF〉 = eΨ20aˆ†2,0
∏
σ,k
e−χσ,kaˆ
†
σ,k
aˆ†
σ,k |0〉, (8)
which is a coherent state in the k = 0 molecular mode
and shows BCS-like pairing correlations between time-
reversed (k,−k) atomic and molecular single particle
states. The amplitude χσ,k = vσ,k/uσ,k is the Fourier
transform of the wavefunction of k 6= 0 atom (σ = 1)
and molecule (σ = 2) pairs.
As in a single-component SF the relation (5) (and more
fundamentally, the Goldstone theorem [10]) ensures that
MSF exhibits a gapless sound mode E2,k ≈ ~v0k, for
small k, with v0 =
√
g2n20/2m1, corresponding to col-
lective, long wavelength oscillations of the molecular con-
densate. The resulting |k| singularity in χ2,k induces
a long ranged power law tail in the Fourier transform
χ2(r) ∼ 1/rd+1. In addition, we find a gapped excitation
branch E1,k describing atomic-like excitations, whose
spectrum and eigenmodes (γˆ1,k, γˆ
†
1,k do not even carry
a definite atom number) are qualitatively distinct from
unpaired atomic excitations, aˆ1,k, aˆ
†
1,k of the N phase.
The condition of being in the MSF is that the atomic
gap E
(1)
gap =
√
ε+ε−, where
ε± ≡ −ν/2− (g2/2− g12)n20 ± 2α√n20, (9)
remains positive. Correspondingly, the atomic pair wave-
function χ1(r) ∼ e−r/ξ1 decays exponentially at large
distance. The correlation length ξ1 = ~/
√
2mε− charac-
terizes atom-pair size, and diverges asE
(1)
gap vanishes. The
MSF-ASF transition takes place when the size of atom-
pairs becomes comparable to the intermolecular separa-
tion, and ξ1 is the diverging size of the coherent exchange
loops of atoms between overlapping pairs.
In the present quadratic approximation, the free en-
ergy is given by
f = −µ2|Ψ20|2 + g2
2
|Ψ20|4 − 1
2V
∑
σ,k
(ε˜σ,k − Eσ,k)
+
kBT
V
∑
σ,k
ln(1− e−Eσ,k/kBT ). (10)
The condition of fixed density n = −(∂f/∂µ)n20 ,
n = 2n20 +
1
V
∑
σ,k
σ
(
v2σ,k +
u2σ,k + v
2
σ,k
eEσ,k/kBT − 1
)
, (11)
where the first term under the summation represents the
T = 0 interaction-induced condensate depletion, may be
used to determine the condensate density n20(n, ν, T ). At
T = 0, in the weakly-interacting limit (a3n ≪ 1), in 3d
we find:
n20 =
1
2
n− 2
(d−2)/2Γ
(
d−1
2
)
Γ
(
4−d
2
)
d
√
piΓ
(
d
2
) (na2)d/2
− [(nν − n)a¯12]
d/2
2d+1Γ
(
d
2
) Id
(
α¯
√
n
nν − n
)
(12)
where a¯12 ≡ a2 − 2a12, a2, a12 are molecule-molecule
and atom-molecule scattering lengths, respectively, de-
fined by g12,2 = 4pi~
2a12,2/m2, the “detuning density”
is nν = m1|ν|/(pi~2a¯12), α¯ = 23/2m1|α|/(pi~2a¯12), and
I(y) = y2 ∫∞0 dxxd/2[(1 + x)2 − y2]−3/2 is a scaling func-
tion describing additional molecular-condensate deple-
tion due to atom pairs. Equation (12), together with the
vanishing of ε−, determines the MSF-ASF phase bound-
ary. At T = 0, approximating n20 ≈ n/2, one finds:
νc(n) ≈ −(g2/2− g12)n− 2α
√
2n, (13)
which is illustrated for g2 > 2g12 in Fig. 1. At finite
T , in the noninteracting limit, vσ,k = 0 and uσ,k = 1,
molecular condensate density reduces to
n20(ν, T ) =
n
2
[
1−
(
T
T∞c2
)3/2]
− 1
2Λ3T
f3/2
(
e−|ν|/2kBT
)
,
(14)
with the standard BEC result (first term) corrected by
depletion due to thermal atomic excitations (last term),
that is exponentially small at large |ν| and low T .
From the structure of the interconversion (α) term in
Hˆµ it is clear that it is a Z2 (Ising) symmetry that is
broken at the MSF→ASF transition [11]. We now show
that for a homogeneous trap, both the T = 0 and fi-
nite T MSF-ASF transitions lie in the Ising universality
class. This can be most easily seen from the coherent
state action, which, when expressed in terms of real and
imaginary parts of the atomic field ψˆ1 = ψˆR + iψˆI , in
MSF phase reduces to:
S =
∫ β~
0
dτ
∫
ddx
[
− 2iψI~∂τψR + ψR(hˆ1 − 2αΨ20)ψR
+ ψI(hˆ1 + 2αΨ20)ψI
]
+ Sint (15)
where Sint are terms not essential for our argument. In
this form it is clear that in the presence of the molecular
condensate, |Ψ20| > 0, positive α reduces the O(2) sym-
metry to Z2, with ψR reaching criticality before ψI . Be-
cause canonically conjugate field ψI remains “massive” at
the critical point [defined by where the coefficient of ψ2R
vanishes, consistent with (13)], it can be safely integrated
4out and leads to a d+ 1-dimensional (Lorentz-invariant)
action even in the scalar order parameter ψR. Therefore,
as asserted above, the T = 0 MSF-ASF transition is in
the (d+1)-dimensional Ising universality class. The Ising
transition is well studied, and leads to the following pre-
dictions [10]. For d = 3, up to logarithmic corrections,
the mean-field theory derived above will be accurate. On
the other hand in 2d, MSF-ASF exponents are nontriv-
ial but are well-known. For example, standard scaling
arguments predict:
n10 ∼ |ν − νc|2βI , E(1)gap ∼ |ν − νc|zIνI , (16)
where βI ≈ 0.31, zI = 1, and νI ≈ 0.63 are 3d Ising ex-
ponents. These, together with the relevance of T at this
quantum critical point also imply a universal shape of the
MSF-ASF phase boundary νc(n, T ) ∼ νc(n, 0) + a T 1/νI
in Fig. 2. One may hope that when long-lived molecular
condensates are produced, nontrivial behavior of E
(1)
gap(ν)
maybe observed in Ramsey fringes experiments [3].
Although from symmetry point of view ASF state is
quite conventional, it also exhibits a set of interesting
features not found in a single-component SF. For exam-
ple, because it is a discrete (Ising) symmetry that distin-
guishes ASF from MSF, it will exhibit a gapped (Ising)
mode in addition to the gapless second-sound mode. As
discussed above [6] for α 6= 0, finite Ψ20 is always in-
duced within the ASF. However, in the limit of small
α, we predict a sharp crossover (indicated by a dashed
µeff2 ≡ µ2 − µ1g12/g¯1 = 0 curve in Figs. 1, 2, where
the ψ2 field would order for α = 0 [6]) between small
molecular condensate n20 ≈ (αµ1/g1µeff2 )2 for µeff2 < 0
and large n20 ≈ µeff2 /g2 for µeff2 > 0, and vanishes as
n20 ∼ (αn10)2/δ for µeff2 = 0 and weak α, with δ a uni-
versal XY-model magnetic field exponent (δd=3 ≃ 5) [10].
Another experimentally interesting feature of ASF is
that a seemingly standard 2pi vortex in atomic conden-
sate Ψ10 will generically split into two pi vortices (see Fig.
3) confined by a domain wall of length
r0 =
√
~2n
3/2
20 /2mαn
2
10, (17)
that diverges as ASF→MSF phase boundary is ap-
proached [12]. This arises because in large α limit a
pi pi
r 0
FIG. 3: 2pi atomic condensate vortex in ASF splits into pi+pi
vortex pair connected by a “normal” domain wall.
2pi vortex in atomic condensate induces a 4pi vortex in
a molecular condensate. Such double molecular vortex is
unstable to two fundamental 2pi molecular vortices, that,
in 2d repel logarithmically, but are confined linearly in-
side the ASF phase.
Finally, standard renormalization-group analysis
shows that upper-critical dimensions for the tricritical
point (dominated by scaling of α) are dT>0uc = 6 and
dT=0uc = 4, and therefore should display nontrivial critical
properties [12].
We plan to present analysis of these problems as well as
generalization to experimentally relevant harmonic trap
in a future publication.
To conclude, we have studied a mixture of bosonic
atoms and their diatomic molecules and predicted an
existence of a molecular superfluid phase, qualitatively
distinct from the normal and atomic superfluid states.
Ising transition MSF-ASF should be observable in such
systems as a function of detuning ν, temperature and/or
density.
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